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Presburger arithmetic and its extensions (Homework)

Instructions.

Prepare a single PDF file with your solutions, with pages of size A4 (portrait) with
blank margins at least 2 cm wide all around. At the top of the first page please put your
name and the total number of pages in your submission and make it clear whether you
are a Master’s student, a PhD student, or neither.

Email the file to d.chistikov@warwick.ac.uk by Saturday 27 June 2026, 12:00
UTC (14:00 CEST). Please ensure that I confirm I have received your solutions.

Problems.

By N we denote the set of nonnegative integers: N = {0,1,2,...}.

1.

Describe an algorithm which, given as input 9 integers aq, as, as, by, by, b3, c1, co, c3,
determines in polynomial time if the system of three inequalities a;xz + by < c¢;,
i € {1,2,3}, has a solution (x,y) where x and y are integers.

. Prove that there is no formula ¢(z) in Presburger arithmetic that defines the set

{2" | n € N} U{3" | n € N}. You may use without proof the fact that a subset of
N can be defined by a formula in Presburger arithmetic iff it is a union of finitely
many arithmetic progressions.

. In this problem, a Presburger assertion is a formula in the syntax of Presburger

arithmetic where all variable occurrences are bound. Describe how to construct in
linear time, given a Presburger assertion about structure (Z; 0, 1, +, <), a Presburger
assertion about structure (N;0, 1, +, <) that has the same truth value.

Give, for each n > 1, a system of linear equalities with coefficients from Z and
variables interpreted over Z, which has bit size bounded from above by a polynomial
in n and on which division-free Gaussian elimination requires space exponential in n.

. Prove there is likely no polynomial-time algorithm that determines whether a given

conjunction of modulo constraints of the form ¢; # r; (mod m;) is satisfiable, where
m; > 2 and 0 < r; < m; for each ¢, and each ¢; is a linear polynomial. What changes
if the constraints have = instead of #?

Consider the following restricted version of quantified integer programming. The
input is a sentence in Presburger arithmetic where (7) all coefficients at all variable
occurrences are 0 and £1, (4i) in each inequality at most two variables appear, and
(#i1) there are no modulo (divisibility) constraints. Moreover, (iv) the sentence is in
prenex normal form and the quantifier-free part is a conjunction of inequalities. The
output is the truth value of the sentence. Can this problem be solved in polynomial
space? Give a proof or show this unlikely.

By ®Preséap we denote Presburger arithmetic extended with the function z +— 217,
where |n| is the absolute value of n € Z.
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For each of the following sentences, call it ®, of PresExp, show how to rewrite it into
an equivalent sentence W in PresExp using Semenov-style reasoning such that ¥
has the form Yu; ... Vu; ¥(uq,...,u;) for some ¢ > 0 and some variables uy, . .., uy,
where 1 is a quantifier-free formula. The auxiliary function A should not occur in W.

Show your working. You can assume off-the-shelf procedures are available for the
elimination of variables that have linear occurrences only, and for linearising power
comparison constraints.

®y: VaVy Iz (2-20 3.2 4 2 =)

Oy Vo Iy Iz (y =20 A (2 =2W)

®y: VzIaIb 2 <)A(z<2YA(a+1=0)
(

®y: Vz3z Iy (2-20 -390 4 2 =)

Comment on the handling of conjunctions of inequalities (for ®; and ®3). (The
sketch in our Thursday lecture showed a single constraint only.)
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