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A tale of Two Theorems

Girard’s Representation Theorem

projection : proofs — terms

Reynolds’s Abstraction Theorem
embedding : terms — proofs
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Rather than enriching the type systems to match logic,
we impoverish logic to match the type structure.

— Daniel Leivant



Part 1

Overview



The Girard projection

Nat ={n|VX.(Vm.me X -SmeX)—-ZcX -necX}

Nat® =VX. (X - X) - (X — X)

The Reynolds embedding

Nat =VX. (X - X) - (X — X)

Nat® ={n|vVX.Vs.(Vvm.me X -sme X)—>Vz.2e X >nsze X}



Doubling and Parametricity

Nat =VX. (X - X) - (X — X)

Nat®™ ={n|VX.Vs.(Vm.-me X - sme X) —
Vz.ze X —-nsze X}

Nat™ = { (n,n) | VX.Vs,s". (V¥m,m'.(m,m') € X — (sm,s'm') € X) —
Vz,2' (2,2 ) e X - (nsz,n's2)e X}

Nat™ ={(n,n')|n =n’ An € Nat™ }



Reynolds followed by Girard

Nat =VX. (X - X) - (X — X)
Nat®™ ={n|vVX.Vs.(Vm.me X -sme X)—=Vz.z2e X -nsze X}

Nat™ =VX. (X — X) - (X — X)

Nat™ = Nat



Girard followed by Reynolds

Nat ={n|VX.(Vm.meX —-SmeX)—-ZecX —-necX}
Nat® =VX. (X - X) = (X — X)

Nat™* = {n|VX.Vs.(Vm.me X -smeX)—>Vz.ze X 5nsze X}

Nat™ = Nat™ iff Nat®™ = Nat



Part 11

Examples



The Curry-Howard isomorphism (P2)

- X-—-X - X

-1
X—-X, XF X
—-1
X —=-XF X —-X

—-1

= (X —-X)—-X—-X

V21

- VX (X—-X)-X—-X



The Curry-Howard isomorphism (F2)

'-s: X - X I'-z:X
s: X —->X,z: XFsz: X
s X —=>XFXY sz XX
st TN s (X - X)X — X
FAX ST TR s VX (X - X) - X = X

-1

—-1

—-1

V21

' =s5s: X—-X,2:X



The Girard projection (P2)

' VYmmeX —-Sme }K-\fl—ID
I'rZeX —-5S7ZecX '- 2ZeX
VmmeX —->SmeX, LZeXF SZe X
Vm.meX —-Sme Xk LeX —-572¢e€X
= (Vm.meX —->SmeX)—-2ZeX—->SZeX
= VX.(Vm.meX —-SmeX)—-2ZecX—->SZecX

—-K

—-1

- |

V21

' = Vvm.meX —-SmeX, ”ZeX



The Girard projection (F2)

I'Fs: X — X
I'Fz: X
—_——
S : X — X, z: XkFsz: X
—_——
S : X — XEXHE sz X — X ;

DV D VA BN X — X)— X — X 2
- AX AT X X s 2 VXL ( X — X)— X - X



The Reynolds embedding (F2)

'-s: X —- X I'-z2:X
s: X —->X,z: XFsz: X
s X =Xk sz XX
st TN s (X - X)X — X
FAX ST TR s VX (X - X) - X = X

-1

—-1

—-1

V21

' =5 X—-X,2:X



The Reynolds embedding (P2)

I‘I—Vm.meX—msmEleE
TH:eX —>sz€eX ' TzeX
Vm-meX —-smeX,zeXkFsze X

—-K

—-1

Vm-meX —-smeXtkzeX —-sze X

Vi
VmmeX —-smeXkVzzeX - (Az.sz)ze X

F(VmmeX ->smeX)—-Vz.zeX — (Mz.sz)ze X
FVs.(VYm.meX -smeX)—oVz.zeX - (As.\z.s2)sz€ X
FVX.Vs.(VYm.meX —-smeX)—-Vz.ze€ X - (As.Az.s2)sz€ X

—-1

Vi1
V21

' =VmmeX —-smeX,zeX



Doubling (P2)

TFVmim € X — sm' € X
z sz vi-E z
I'F2>2e X —-s2e X I'F2e X B
VanmEX%;’z’EX,j’GXl—;’z’EX I
Vmim' €X —sm' € XF2€X =52 X
( ) VAN |
m m sm )\zszz
\V/mfm'EX—>8’m'€X|_\V/z EX%(AZ 'N2e X
()\zsz)z )

I—(V:;fnn;’EXﬁj’g’EX)ﬁ\v’z e X -5 (M s’ e X

s m m sm (As. Az. sz)sz
F\V/sf(mem’EXﬁs’m'EX)%Vz EX—>(>\3 A s'2) s’ € X

s m m sm (As. Az.s2) s 2
- VX.Vs! (\V/mfm’E X — s’m’GX) —>\V/z GX — (As' . N2 s'2) s e X

m sm z
' =VomeX —-smelX,2eX



Successor (P2)

O F n € Nat
o+ o+ XVQ_E OF ¢, OF
S S_> Z_>n€ S z
: s P00 6.0F0.
OFneX —-Sne X OFneX
—-B
n € Nat, 95,0, FSne X
ne€Natk¢s — ¢, -SneX

n € Nat = Sn € Nat

»-12
V21

—-1

Fn € Nat — Sn € Nat

ps = Vm-meX —->SmelkX
0. /e X
© n € Nat, ¢, ¢,



Successor (F2)

I' Fn: Nat
V2-E
'EnX:A, — A, - X I'Es: A, I'F2z: A,
I'Fs: X —- X I'FnXsz: X
n:Nat,s: Ag, z: A, Fs(nXsz): X

N )

—-K

.
n:NatFASX_)X.AZX.S(nst):AS—>AZ—>XVQI
n:NatFAX. \s™ 7% \2". s (n X sz): Nat I
—_——

F AN AX AsT TN A2 s (n X s 2) : Nat — Nat

A, = X —- X
A, = X
I' = n:Nat,s: X —-X,2:X



Part 111

Details



Second-order lambda calculus (F2)

Id
x1: A, .., A a s A
I'z:AFu:B I'-s:A— B I'-¢:A
—-1 —-E
' v:Au:A— B I'-st: B
I'Fu:B I'Fs:VX.B ,
V2-I (X not free in T Ve-E

'-AX.uw:VX.B ['FsA:B[X :=A]



Second-order propositional logic (P2)

Id
D1y s On - i
O, ¢ : OF¢—1 OF¢ .
OFr¢—v O F 1 -
= ©OF V.
ory Vi-I  (x not free in ©) vy Vi-E
Ok V. OF Ylr:= M]
OF ¢ OFVX.Y
v2-1 (X not free in ©) V2-E
OFVX. 1 OF X :={z|¢}
(©F ) |x:=M]
3 (M=3N
(O F ¢) [z := N] (M= N)



The Reynolds embedding

Terms
x| =
Ar:A.ul = x|y
s 1| = |s]| [¢]
AX.ul = |y
s Al = s
Types
X* = {z]|ze X}
(A= B)" = {z|Vo.xe€e A* - zx € B*}
(VX.B)" = {z|VX.ze€ B*}




The Reynolds Embedding, continued

Id

Id)"
(F,a::Al—:r;:A ) [, e A"Hx e A"

I, xe A" F |u| € B*
I'er:AFu: B i I, xe A" (\x. |u|) x € B”
(FI—)\:C.U:A—>B_>_I> IFxe A" — (Az.|u|) z € B*
[*FVr.x e A" — (A\z.|u|) z € B”

&

—-1

Vi

V21

( T'Fu:B v21)* T* & |u| € B*
I'FAX.u:VX.B I* - VX. |u| € B*



The Girard projection

(MeX)° = X
(¢ =) = ¢°—y°
(Vo.gp)° = y°
VX.9)° = VX.¢°



The Girard projection, continued

(6:5r5")

O, 0k

OF ¢ — 1 *>

OFY

O F Vr.

OFY

(
(
(

OF VX.9

)
)

Id

O° z:¢°F z: ¢°

O° z:0° Fu:y°

O°F A z:¢”. u: ¢p° —

O° F u :y°

O° F u:y°

O°FAX. u:VX.y°

wo

V2-1



Doubling

(MeX)t = (M,M)eX
(p—v) = ¢F =

(Va. ) * = V.V’ ot
VX.)F = VX

Abstraction Theorem

x1: A, ..., A, Ft: B in F2
=
(21,2}) € AT, (xn,2l) € A%t E (Jt],|t])) € B in P2



Equality

Leibniz equality

M=N = VZMe/Z—-NecZ
Identity relation
A= = {(z,d)]|z=2"Nze A"}
Parametric closure
A = AHXP=X7,. .. XP.=X7]

where X,...,X,, are the free type variables in A



Breaking the proof into parts

Nat™ C Nat™
Nat C Nat™
Nat® C Nat implies Nat™ C Nat™
Nat™ C Nat™ implies Nat™ C Nat

Bohm and Berarducci’s Lemma,
(2,2) € Nat™ implies 2SZ =z
Girard-Reynolds Isomorphism

Nat™ = Nat™ iff Nat* = Nat



A part of the proof

n € Nat™
= (definition deductive naturals, Reynolds embedding )
VX.Vs.(VmmeX —->smeX)—-VzzeX -nsze X
= (instantiate X := Nat, s:=S, z:=27)
(Vm.m € Nat = Sm € Nat) —» Z € Nat - nSZ € Nat

= (Constructor Lemma))
nSZ € Nat
= (parametricity of naturals, Bohm and Berarducci’s Lemma)

n € Nat



Part IV

Conclusion
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Conclusion

My most recent work has been with formal modelling of XML.
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Conclusion

My most recent work has been with formal modelling of XML.
This work has been depressingly popular.

Fortunately, Girard and Reynolds will be remembered long after
XML is forgotten.



