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WBLCOME TO HEAVEN. WOULD YOU LIKE
10 SPeND ETERNTY WITH THE WOMAN
\ YOU MARRIED OR YOUR TRUE SOULMKTE?

" WHA7Z/ WOW CAN YOU
MAKE ME CHOOSE ONE
OR THE OTHER?

My whole life | had assumed
there were threesomes in Heaven.



Even and odd, untyped

[let
even* = n.if n =0
then true
else odd* (n—1)
odd* =Mn.if n=0
then false
else even* (n — 1)
in

even* 2|



Even and odd, partly typed

let
even* = [An.if n =20
then true
else odd" (n—1)]
odd =X n:Int.if n=0
then false
else even (n —1)
even = even* : x = Int — Int
odd* = odd : Int — Int =
in

leven* 2]



Goodbye tail recursion!

leven* 4|
—

(0dd 3) : Bool = *

—

[even* 2] : x = Bool = %

—>

(odd 1) : Bool = x = Bool = %

—>

[even* 0] : + = Bool = * = Bool = *

—

‘true]



Recovering tail recursion!

leven* 4|
—

(0dd 3) : Bool = *

—

[even* 2] : x = Bool = %

—>

(odd 1) : Bool = *

—>

[even* 0] : x = Bool = %

—

‘true]



Part 1

Twosomes: a small change to blame calculus



Add the empty type

Types A, B,C == | A—B|x|L
Every type 1s incompatible with L.
AL L 1L LA

There are no values of type L.



Allow casts between any types

Change one type rule

I'Fs: A A=<DB
'-(s:A5 B): B

becomes

I'Fs: A
'~(s:A5 B): B

Add one reduction

v:AS 1 — Dblamep



Retain wrapping casts as values

Values v,w 1= c | viAt|v:G =
v:A—-B=>A - B

Change the wrap rule

v:A—=B 3 A =B — A (v ASA):BSB)
becomes

(v:A=B 3> A—-BYw — v(w:A' S A):B5 B



Part 11

Naive subtype and meet



Naive subtype

)

A<, A B <., B
A—-B<, A =B




Shallow incompatibility

A# 1 L#A

v A e £

L# A— B A— B#1

A base type 1s shallowly compatible with itself.
Any two functions are shallowly compatible.

Everything is shallowly compatible with .



Meet

A&Lx = A
*x& A = A
L& L = 1

A—-B&A —-B = (A& A)— (B& B

A& B = 1 if A# DB

A & B is the greatest lower bound of A and B.
C<,A& Bifandonlyif C <:,, Aand C <:,, B



First factoring theorem

An example

U:Int—>*:p>*—>BOOl

v:Int—>*:p> Int—>Bool:p>*—>Bool



Second factoring theorem

An example

U:Int—>*£>*—>BOOl

v Int —>*:p>*:p>*—>Bool



Third factoring theorem

whenever A & B <, C

This result subsumes the other two.
Take ' = A & B for the first theorem.

Take (' = « for the second theorem.



Part 111

Threesomes, without blame



Threesomes

Let A, B, C, P, () range over types.
v:A=> B —qf V:A=P=21H

whenever P <:, Aand () <:, B.




Combining threesomes

v: AL B ¢

— Def’'n: P <:, A, P <., B,Q <, B,Q <., C
v:A=P=B=Q=C

= 3’rd thm, P & ) <:,, B
v:A=P=Q=C

= I’st thm
vV:A=P=P&Q=0Q=C

— 3rdthm, A& P& Q) <:,, PP& Q& C <y, Q)
v:A=P&Q=C

— Def'n: P& Q) <:, A, P & Q) <:,, C
v: A o



Combining threesomes



Recovering tail recursion!

leven* 4]
—

(odd 3) : Bool Bogl

—>

leven* 2| : x Bogl

—>

(odd 1) : Bool Bogl

—>

leven* O] : % Bogl

—>

[true]



Syntax

Types

Terms

Values

A?‘B?C?P?Q

S, 1

u

L|A— B | x| L
clop(t) | x| At |ts]
blame p|s: A== B
c| At
ulu: A=«

P—Q /
u:A—-B=— A"— B



Reductions

(u:AHBP_)QA’HB’) — u(w: A= A):B=% B
w AL B2 0 o u.AZEC
UZL&L — U

u:A:l>B —— Dblame



Part IV

Threesomes, with blame



Adding blame

Types ABC = |A—-B|x| L
Labeled types P, () = PP —P Q| x| LPCT
Terms s, t v= clop(t) |z | At |ts]

s: A== B|s:G |blamep



Key ideas

A B ~ A& ,=1B

| Gpa

A=— B ~ A2G21=01B



Notation

|P =P G| = (x— %)P

We write AY" when ||A|| = GP.



Meet with blame

P &

* & P

P Q& 19

P —P Q) & P —1 ()
PGP K& QHq

| Gra &&- Q

pGr g8, | Gar

pGp g8 | Har

P

P

1P

(P& P) =7 (Q & Q)
| Grg

| Grg

| Gpr

| Grq

if G£H

if G£H



Reductions

(u:AﬁBP;Z;QA’HB’)w — u(w:A’:P>A):B:Q>B’
WA= B=%C — u:A=¥C
uil== T —

G
w:A= B — blame q



An example

1:Int 2 % =2 Bool = % = Int

—— blame o

true : Bool = « = Bool £> * é Int

— Dblame ¢



An example

n Bool® RoolP Int?

- Int In%* — Bool =— x — Int

n o Bool

1

— 1:Int = % = Bool — Int
1
1

Tnt™ _LBOOloq

s Int — 4+ — 1Int

Intno

- Int L:)> Int

—— blame o

Int™ Bool® BoolP Int¥
true : Bool = « = Bool =— x* =— Int
Int™ Bool® _LBOOlpq

—— true :Bool — x* — Bool — Int

Bool™ _LBOOloq

—— true :Bool — x — Int

Boolng

—— true :Bool — Int

— Dblame q



AWKWARD —IT WAS
WITH A PHYSICIST,

WHY'S THAT
HUKMHRD?

1]

THEY CAN'T S0LVE THE
THREE BODY PROBLEM.

HHYES

i




