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1 Linearity testing

Let From be the space of all homomorhisms F§ — Fs.

Theorem 1. Let us assume that f : Fy — Fo is such that
Drif(z) + fy) = flz+y)] = do.

Then 0(f, From) < do-

Proof. We may identify Fo with {—1,+1}. From now on we will think of f as
f:F3 — {—1,41}. Then

ﬁz[f(w) fly)=flx+y)]=
= gg[f(z) fy) - fla+y) =1]=
1 +fy[f(w) fy) - f(x+y)]

Let o = (a1,...,0p) € F§ and let L, : F§ — {—1,1} be defined as
Lo(z1, ... 2,) = (=1)(®7),

where (o, z) = X7 oyz; (in Fa).
The functions L, are all possible homomorphisms. Moreover, they form an
orthonormal basis of functions from F§ — R. Hence 6(f, From) = ming{6(f, Lo )}

Let (f,g) = eE]’Fn[f(ac)g(ac)], where f,g : F} — R. It is easy to note the
Tk

following:
o If f,g:F3 — {—1,1}, then (f,g) = 1 — 25(f, 9).
L d <Lo¢aLa> =1

o (La,Lp)=0,ifa#p



e If « =0, then L,(z) =1 for all z.
If a # 0, then Iz:r[La(m) =1] = 3.
® La(x+y) = La(z)La(y)
® Latp(®) = La(7)La(y)
Let us define fo 2 (f, La).
Proposition 1. Let f: F? — R. f(z) = Xfa - La(x)
We will now consider the expression:

fy[f(x)-f(y)-f(ﬂy)] =7

Two things to consider:
1. How does this look like for the basis functions?
2. Extend to all functions using Fourier coefficients.
First note that
o E[La(0)La(y)Lalo+y)] = 1

o E[Luy(z)La(y)Ls(z+y)] = E[La(x)Ls(x)La(y)Ls(y)] =

T,y T,y

E [La(m)Lg(w)]ag[La(y)Lﬁ(y)] = 0, where a # (.

T,y

e Similarly we may show that if a # 8 # v # « then E[Ly(z)Lg(y)L(x+
Ty
y)]=0

Hence

Elf@) W) +y)l=
= I%[Eafal/a(x)ZBfBLﬁ(y)vava(af +y)]
= Zaﬂwfafﬁfvg![l;a(x)Lﬁ(y)Lw (z +y)]
= Safa
Proposition 2. Let f : Fy — R. Then Sof2 = (f, f).

Proof. Verify using the definitions.

<f7 f> = <EafaLa(x)a EﬁfﬁLﬁ(x»
= Yo g fafo(La(x), Ly(x))
= Eafi



Therefore, if f:F3 — {—1,+1} then (f, f) = 1.
Proposition 3. ©f3 < max{f.}
Proof.
Yafs < Sa(max{fs}) - f2

< max(fi) - T

= mﬁax{fﬁ}
m
We have proved that
if Prltest rejects] = dy then E[f(2)f(y)f(z +y)] = 1 — 250.
We also proved that
E[f(z)f(y)f(z +y)] < mgx{fa}
But maxs{fs} =1 — 26(f, From) and hence §(f, From) < do. .

2 Dictator testing

Definition 1. Let f : F§ — Fy. The function f is a Dictatorship if there exists
i such that f(x1,...,2,) = ;.

We are interested in testing this property.

Definition 2. The function f is k-Non-Dictatorship if f depends on more than
k variables.

Dictator Testing:
1. If f is a Dictatorship then accept with probability — 1

2. If f is far from every function that depends on less than k variables then
accept with probability — 3.



