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Organizations in Multi-Agent Systems
[Horligh and Lesser, 2005]

Definition:

The organization of a multi-agent system is the collection of roles,
relationships, and authority structures which govern its behaviour
[Horling & Lesser, 2005].

Organizations guide how agents interact with one another. This
guidance influences authority relationships, data flow, resource
allocation, coordination patterns or any number of other system
characteristics

there is no single type of organizations that is suitable for all
situations. This is due to the inevitable tradeoffs that must be
made, as well as the uncertainty, lack of global coherence and
dynamism present in any realistic population



Organizations in Multi-Agent Systems
[Horligh and Lesser, 2005]
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Hierarchies

Data

Agents are arranged in a tree-structure, where agents higher in
the tree have a more global view than those below them.



Hierarchies

Data

Benefits:
E Maps to many common domains.
F Handles scale well (because it constrains the agents to a number of
interactions that is small relative to the total population size).
Drawbacks:
F Prone to single-point failures with potentially global consequences.
E Can lead to overloading (if the structure is too flat) or delays (if the
structure is tall).
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Markets

seller

Buyers request (or place bids for) items, such as shared
resources, tasks, services or goods.

Sellers are responsible for processing bids and determining
the winner.



Markets

buyer
buyer Y

buyer buyer

buyer

decentralized factory scheduling:
I Each factory job is associated with a duration, deadline and value.

B The factory has a reserve price for each time slot that it has available.

B Agents bid on a set of slots that has sufficient time to satisfy the job without
exceeding the deadline, using the job value as a maximum bid price.

B Market forces cause agents to seek out the most cost-effective time slots, and
higher-valued jobs naturally take precedence over lower ones.

E This lead to an efficient allocation of (time) resources, while maximizing the
factory's overall utility.



Markets

A

Benefits:
B Efficient allocation and pricing (if agents bid truthfully)
E A wealth of results (from human economics & business) can be used
F Increased fairness through bidding

Drawbacks:
E The potential complexity of reasoning about the bidding process,
and determining the auction’s outcome.
B Potential for collusion and malicious behaviour
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Main characteristicis

e Coalition in general are goal-directed and short-lived
r No coordination among members of different coalitions
r The organizational structure within each coalition is flat



Applications of Coalition Formation

I e-commerce: Buyers can form coalitions to purchase a
product in bulk and take advantage of price discounts
[Tsvetovat et al., 2000].

I Distributed sensor networks: Coalitions of sensors can
work together to track targets of interest [Dang et al. 2006]

I Distributed vehicle routing: Coalitions of delivery
companies can be formed to reduce the transportation costs
by sharing deliveries [Sandholm and Lesser, 1997].

I Information gathering: Several information servers can
form coalitions to answer queries [Klusch and Shehory,
1996].



Applications of Coalition Formation

Smart Energy Grids

* Intelligent appliances and energy storage
devices coordinate for optimal energy use

* Links with PRI Limited (smart meters).

Electronic-commerce

* Cooperation among buyers to obtain quantity
discounts, and sellers to maintain cartel pricing.
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* Links with Lostwax (aircraft industry) and with
Aroxo (home appliance).

Disaster Management

* "Efforts by the United Nations in Haiti have lacked
sufficient coordination" --- independent UN report.

* Links with BAE Systems (security & aerospace).
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Coalition Value Calculation

The agents should decide which of the potential coalitions
to actually form.

To do so, they typically calculate a value for each coalition,
known as the coalition value, which indicates how
beneficial that coalition would be if it was formed.

: - . nN
For N agents, the number of possible coalitions is 2 -1



Coalition Value Calculation

This calculation is domain dependant:

In an electronic marketplace, the value of a coalition of buyers can
be calculated as the difference between the sum of the reservation
costs of the coalition members and the minimum cost needed to
satisfy the requests of all the members [Li & Sycara, 2002].

In wireless networks the value of a coalition of transmitters
corresponds to the maximum sum-rate achievable by that coalition

[Mathur et al., 2006b].

In information gathering systems, the coalition value can be
designed to represent a measure of how closely the information
agents’ domains are related [Klusch & Shehory, 1996]



Distributing the Coalition Value Calculations

The following properties for a distribution algorithm:

The distribution process should be decentralized

Communication between the agents should be minimal

Minimize the number of calculations that are redundantly
carried out

The calculations should be distributed equally among the
agents

The amount of memory each agent requires for performing
the computations should be minimized.



Distributing the Coalition Value Calculations

In the following example, we have:

F Number of Agents: N =5

B Coalitions may contain up to 3 agents



Distributing the Coalition Value Calculations

coalitions in Long-term coalitions in Long-term
. which Agent 2 | commitment which Agent 3 | commitment
In the fO"OWlng E' is a member list ave: is a member list
2 3
1,2 )
F Number of Agents =75 ;z
2,4 3,4
B Coalitions mpy eontajin up tq 3 ageniss
1,2,3 1,2,3
1,2,4 1,3,4
1,2,5 1,3,5
2,3,4 2,3,4
2,3,5 2,3,5

b ——

Contact

Agent 2

f

Agent 3




Distributing the Coalition Value Calculations

coalitions in Long-term
which Agent 1 | commitment
IS a member list
1

1,2

1,3

1,4

1,5

coalitions in Long-term
which Agent 2 | commitment
is a member list
2
1,2
commit] 2,3
s D
Com_) 1,2,3
1,2,4
1,2,5
2,3,4
2,3,5

coalitions in Long-term
which Agent 3 | commitment
IS a member list
3
1,3
Delete >
s D
Delete >
1,3,4
1,3,5
2,3,4
2,3,5

Agent 3

Agent 1

Agent 2




Distributing the Coalition Value Calculations

coalitions in Long-term
which Agent 1 | commitment
IS a member list
1
Corﬂ_} 1,2
1,3
1,4
1,5
1,2,3
1,2,4
LU N 1,2,5
1,3,
1,3,

coalitions in Long-term
which Agent 2 | commitment
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2
Delete N
Com_) 2,3
2,5
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which Agent 3 | commitment
IS a member list
3
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Distributing the Coalition Value Calculations

coalitions in Long-term
which Agent 1 | commitment
IS a member list
1
LS 1,2
1,3
1,4
1,5
1,2,3
1,2,4
> 1,2,5
1,3,
1,3,

coalitions in Long-term
which Agent 2 | commitment
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2

9
LS 2,3
9
N 2,5
S 1,2,3
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9
9
N 2,3,5
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3
1,3
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>
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2,3,4
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Distributing the Coalition Value Calculations

The aforementioned algoritm, due to Shehory and Kraus
(Artificial intelligence journal, 1998) suffers from the
following limitations:

I Some agents may calculate significantly more values
than others

B Some values may be calculated more than once

F Requires an exponentially increasing communication
overhead



DCVC

We developed a novel algorithm (called DCVC) for Distributing
Coalitional Value Calculations among the cooperative agents

DCVC has the following advantages:
¥ Itis a distributed, decentralized algorithm
E Requires no communication between the agents
F Results in no redundant calculations
I Distributes the calculations equally among the agents
F Has minimal memory requirements

Be careful! Given 40 agents, storing the values of all possible
coalitions requires 5120 Giga Bytes of memory .
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DCVC

For any permitted size S, the list Lg of possible coalitions of size S,
should be ordered as follows:

Example: For 9 agents, the list L5 should be ordered as follows:

e The first coalition in the listis: {5,6,7,8,9}
» The last coalition in the listis: {1,2,3,4,5}

¥ Given any coalition that is located at index I in Lg , for example:
Ci={2,3,5,8,91}, the agent can find Ci-1 as follows:

not equaddjual
Ci1=5,6(7(8(9

Ci=2,3[5{8Y9

+1 +1

+1 (NN
Ci-1=2,3,6,7,8



DCVC

L4
For N agents, the number 4567
of coalitions of size S is: d; 3 a e
2567
2,4,6,7
1=(9)- a, {
(n—s)! xs! 2y e7
2.3.5 6
The number of coalitions in as 2346 q =T
_ Indexg§ =15
agent di s share is : a 14,67 Memory
/] 1.4.5,6
n ’3e
I Y
= T ds § 1344
1,3,4,5
and the share ends with the 357
.. a 1,2,5,6
coalition located at: 6 12,47
- _ 1,2,4,5
Index =1 x N; 1,2,3,7
| az { 12,35
1,2,3,4



DCVC |,

For N agents, the number
of coalitions of size S Is:

s =(3)

The number of coalitions In

(n—s)! xs!

agent di s share is :

CS
n

and the share ends with the
coalition located at:

ni:

Index =1 x Ny

2,3,3,8

Memory




DCVC

By ordering Ls as described earlier, we show that the following holds:

Any coalition which starts with (N — S + 1) — I +1 must have an index K

7 111
dYls+i—2s—1 < k < > |s+j—2,5-1
j=1 j=1

Each agent forms what we call a Pascal array (which is of sizen—1*n-1)

6 10 | Pascal array for

1 4 10 4 agents

By this, the following equation hO|dS'

Pascal|s,i| = Z\S+3—25—1|
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DCVC

Example: Given 7 agents, let us compare the shares of agents
a; and ag, and that is for the coalitions of size 4

a2<

(

2,5,6,7
2,4,6,7
2,4,5,7
2,4,5,6

M@EzED)

1,2,6,7
1,2,5,7
1,2,5,6
1,2,4,7

M@zEp

2,5,6,7
2,4,6,7
2,457

MEaso

2,;3:6,7

change

2367

1,2,6,7
1,2,5,7
12556

1,2,4,6

change

12400 /

change

12(47)

1,2,6,7
1,2,5,7
Mazso
1,2,4,7
1,2,4,6

2,5,6,7

A42467
change (2.46.7)

2 4‘Ii' 2.4.5.7
2,45,6

2,3,6,7

1,2,6,7

Alllﬁ]

change

125@ 1,2,5,6
1,2,4,7

1,2,4,6

change

2(467)

change

12(67)

MEseD
2,4,6,7
2,4,5,7
2,4,5,6
2,3,6,7

Mazsn
1,2,5,7
1:2:5:6
1,2,4,7
1,2,4,6




DCVC

How can we reduce

the difference
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DCVC
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Evaluating DCVC

We compared DCVC against Shehory & Kraus’s algorithm,
and that is based on the following metrics:

I The time required for the distribution process
F The total number of redundant calculations

E The communication (i.e., total number of bytes that
were sent between the agents)

I Fairness (i.e., the difference between the agent that
had the biggest share and the one that had the smallest)

E Memory (i.e., the minimum number of bytes that are
required per agent to carry out the calculations)



Evaluating DCVC

DCVC Shehory
Time: 16 agents < 0.01 2.77
The time required 17 agents < 0.01 6.11
(in seconds) for the 18 agents <0.01 13.76
distribution process 10 agents <001 32 29
20 agents < 0.01 72.27
21 agents <0.01 159.89
22 agents <0.01 372.58
23 agents < 0.01 881.64
24 agents 0.01 2280.43
25 agents 0.02 5298.52




Evaluating DCVC

DCVC Shehory
RedundanC\Q 16 agents 0 513452
The total number of 17 agents 0 1208715
redundant values that 18 agents 0 2583828
were calculated 19 agents 0 506420

20 agents 0 11659720

21 agents 0 24605666

22 agents 0 52170535

23 agents 0 108933551

24 agents 0 201504067

25 agents 0 477826101




Evaluating DCVC

Communication:

The total number of
bytes that were sent
between the agents

DCVC Shehory
16 agents 0 735408
17 agents 0 2350481
18 agents 0 4974743
19 agents 0 10538129
20 agents 0 22152227
21 agents 0 46512635
22 agents 0 97957698
23 agents 0 204911555
24 agents 0 429009502
25 agents 0 1188779705




Evaluating DCVC

DCVC Shehory
Fairness: 16 agents 1 8424
The difference between | 17 agents 1 12886
tl.le agent that had the 18 agents ] 26071
biggest share and the
one that had the 19 agents 1 22890
smallest 20 agents 1 103484
21 agents 1 208931
22 agents 1 454812
23 agents 1 880428
24 agents 1 2191528
25 agents 1 3043149




Evaluating DCVC

DCVC Shehory
Memory_: 16 agents 2 65536
The minimum number | 17 agents 3 196608
of bytes required per 18 agents 3 393216
agent to carry out the
necessary calculations 19 agents 3 786432
20 agents 3 1572864
21 agents 3 3145728
22 agents 3 6291456
23 agents 3 12582912
24 agents 3 25165824
25 agents 4 67108864




Evaluating DCVC

To summarize: When comparing the performance of DCVC
with that of Shehory and Kraus's algorithm, given 25 agents,
we find that:

B The distribution process of DCVC took 0.0005% of the time

¥ The values were calculated using 0.000006% of the memory
F The calculation redundancy dropped from 353579392 to O

B The communication was reduced from 674047872 to O bytes

E These improvements become exponentially better for larger
numbers of agents



Coalition Value re-Calculation

The agents are continuously forming coalitions whenever
necessary, and any of the formed coalitions can be
dissolved whenever it is necessary or beneficial.

After a coalition is formed, the coalitional values might
need to be re-calculated before the agents can form
another.

The re-calculation process might differ from the initial
calculation process since some agents might no longer be
able to join other coalitions.




Coalition Value re-Calculation

Let A be the set of agents, and A* be the subset of A in
which every agent can join a coalition

Let P be the set of all possible coalitions, and P* be the
subset of P in which every coalition contains only
members of A*

Based on this, every time the agents need to form a
coalition, they only need to consider the coalitions that
belong to P*



Coalition Value re-Calculation
(Distributing P* by Searching through P)

By having each agent search through its share of P, the re-
calculation is carried out in a distributed manner, However...

Every agent searches its share of: P



Coalition Value re-Calculation
(repeat distribution process, but for P instead of P*)

The only way to obtain an optimal distribution of P* is to initially
distribute P* (instead of P), and then repeat the entire distribution
process of P* whenever A* is changed.

The agents repeat the distribution
process, but for the set: P*

When using Shehory & Kraus’s algorithm, this is inapplicable due to:

F The time required for each agent to re-build its share in memory.

B The communication that is required every time the distribution
process is performed.



Coalition Value re-Calculation
(repeat distribution process, but for P instead of P*)

DCVC is the first distribution algorithm available in which:

F No communication between the agents is necessary.

F The agents do not need to build any lists in memory.
This makes repeating the distribution process applicable.
Evaluation: we compare the two methods (i.e., searching

through P, and repeating the entire distribution process
using DCVC), and that is based on the following metrics:

B Equality of the agents’ shares
E Number of operations performed

E Memory requirements



Coalition Value re-Calculation
(evaluation)

Equality of the agents’ shares:

The difference between the agent
that had the biggest share of
calculations, and the one that had
the smallest

Size of | Repeat the Search
A* distribution through P
29 1 4,445,182
28 1 5,105,232
27 1 3,808,067
26 1 1,482,807
25 1 679,789
24 1 382,358
23 1 213,289
22 1 116,533
21 1 62,869
20 1 31,964
19 1 16,638
18 1 8,290
17 1 4,431
16 1 2,627

15




Coalition Value re-Calculation
(evaluation)

Memory requirements:

The table shows the results
given different No. of agents

Number of Search
agents DCVC through P
10 2 206
11 2 374
12 2 684
13 2 1,262
14 2 2,342
15 2 4,370
16 2 8,192
17 3 23,133
18 3 43,692
19 3 82,785
20 3 157,287
21 3 299,595
22 3 571,953
23 3 1,094,169
24 3 2,097,153
25 4 5,368,712




Coalition Value re-Calculation

Run time:

0
Given 25 agents with

different sizes of A*

Time

(evaluation)

(seconds)

T +

0.6

0.5

0.4 1

0:3 7

0.2

0.1 7

0-‘

@  Search through P

¥ Repeat distribution

25 20 15 10 5

|A]



Question

What if we have identical agents?

For example, what if the set of agents was as follows: A ={4,4,4,5,5,6}



What are the possible coalitions of {4,4,4,5,5,6} ?

The possible subsets of {1,2,3,4,5,6}:

The possible subsets of {4,4,4,5,5,6}:

AUV A WIN =

1,2
1,3
1,4
1,5
1,6
2,3
2,4
2,5
2,6
3,4
3,5
3,6
4,5
4,6
5,6

1,2,3
1,2,4
1,2,5
1,2,6
1,3,4
1,3,5
1,3,6
1,4,5
1,4,6
1,5,6
2,3,4
2,3,5
2,3,6
2,4,5
2,4,6
2,5,6
3,4,5
3,4,6
3,5,6
4,5,6

1,2,3,4
1,2,3,5
1,2,3,6
1,2,4,5
1,2,4,6
1,2,5,6
1,3,4,5
1,3,4,6
1,3,5,6
1,4,5,6
2,3,4,5
2,3,4,6
2,3,5,6
2,4,5,6
3,4,5,6

1,2,3,4,5
1,2,3,4,6
1,2,3,5,6
1,2,4,5,6
1,3,4,5,6
2,3,4,5,6

1,2,3,4,5,6

4 4,4 4,4,4 4,4,4,5 4,4,4,5,5 4,4,4,5,5,6
4 44 4,4,5 4445 4,4,4,5,6
4 4,5 4,4,5 4,4,4,6 44:4;5;6
5 4,5 4,4,6 4,4,5,5 4,4,5,5,6
5 4,6 44;5 4,4,5,6 44;5;5;6
6 44 | 445 44;5:6 454;5;5:6
45 | 446 44555
4.5 4,5,5 4,4;5;6
4,6 4,5,6 4,4;5;6
4.5 45,6 4,5,5,6
45 | 445 44555
46 | 445 4:4;5:6
55 | 446 4:4;5;6
5,6 45,5 4;5;5:6
56 | 456 4;5;5:6
4;5;6
455
4;5;6
4;5;6
5,5,6
What we really need is this:
4 4,4 4,4,4 4,4,4,5 4,4,4,5,5 4,4,4,5,5,6
5 4,5 4,4,5 4,4,4,6 4,4,4,5,6
6 4,6 4,4,6 4,4,5,5 4,4,5,5,6
5,5 4,5,5 4,4,5,6
5,6 4,5,6 4,5,5,6

5,5,6




What are the possible coalitions of {4,4,4,5,5,6} ?

I
@ |

4,6 5,6
4,4,6 5,5,6
4,4,4,6

4,5,6
4,5,5,6
4,4,5,6
4,4,5,5,6
4,4,4,5,6
4,4,4,5,5,6

Algorithm
» Get the underlying set of {4,4,4,5,5,6}
The result is: {4,5,6}
* Get the possible coalitions of {4,5,6}
{4}, {5}, {6}, {4,5}, {4,6}, {5,6}, {4,5,6}

* If element “i” is repeated “x” times, then

az»n

put “i” once, then twice, then 3 times, ...,
then “x” times.

For example, “4” is repeated 3 times,
so we put “4”, then “4,4”, then “4,4,4”

What we really need is this:

4 4,4 4,4,4 4,4,4,5 4,4,4,5,5 4,4,4,5,5,6
4,5 4,4,5 4,4,4,6 4,4,4,5,6
6 4,6 4,4,6 4,4,5,5 4,4,5,5,6
5,5 4,5,5 4,4,5,6
5,6 4,5,6 4,5,5,6
5,5,6

(9]




Exercise

What are the possible coalitions
of {5,5,6,6,7,7} ?




What are the possible coalitions of {5,5,6,6,7,7} ?

5 6 7
> 6 7 Algorithm
5,5 6,6 7,7
» Get the underlying set of {5,5,6,6,7,7}
The result is: {5,6,7
5.6 57 67 1>,6,7]
5,6 5,7 6,7 . ] ..
5.6,6 577 6,7.7 Get the possible coalitions of {5,6,7}
3,5,6 >,5,7 6,6,7 {5}1 {6}1 {7}1 {516}1 {517}1 {617}1 {51617}

* If element “i” is repeated “x” times, then
567 put “i” onf:e, then twice, then 3 times, ...,
5,6,7 then “x” times.
5,6,7,7 For example, “5” is repeated 3 times,
>,6,6,7 so we put “5”, then “5,5”, then “5,5,5”
5,6,6,7,7
5,5,6,7
5,5,6,7,7
5,5,6,6,7

5,5,6,6,7,7



Coalition formation process

Coalitional value

calculation  s——

¢

(D

optimal?

distribution



Coalition Structure Generation
(in Characteristic Function Games)

Given 3 agents, the set of agents is:
{a1,32,a3}

The possible coalitions are:

{ag} {ap} {a3} {agp,a} {ag,a3z} {ap,a3} {ay,az,as}

The possible coalition structures:
{{aikiazhiaslt  {lag,azhiasyt {axhiaz,aslt {{aihiaz,aslt ag,az,ash

Input: a value of every possible coalition

Output: a coalition structure in which the sum of values is maximized




L, | value L, value L, value L, value
{1} 30 {1, 2} 50 {1, 2, 3} 90 {1,2,3,4} 140
{2} 40 {1, 3} 60 {1, 2, 4} | 120
{3} 25 | {1, 4} 80 {1, 3, 4} | 100
{4} 45 {2, 3} 55 {2, 3, 4} | 115

{2, 4} 70

{3, 4} 80

What is the optimal coalition

Exercise

structure ?

Answer

{11}, {2}, 13,4} }




value| L, |value| L |value L,y value value Lg value
1 | 826 | 1,2 | 1750 | 1,2,3 | 3352 | 1,2,3,4 | 4355 | 1,2,3,4,5 | 4804 12 3,4,56/| 5217
2 | 1108 | 1,3 | 1670 | 1,2,4 | 3102 | 1,2,3,5 | 4373 | 1,2,3,4,6 | 5657
3 | 1065 1,4 | 1989 | 1,2,5| 3301 | 1,2,3,6 | 3770 | 1,2,3,5,6 | 4609
4 | 890 | 1,5 | 1664 | 1,2,6 | 3119 | 1,2,4,5 | 3528 | 1,2,4,56 | 4829
5 | 907 | 1,6 | 2023 | 1,3,4 | 5057 | 1,2,4,6 | 3967 | 1,3,4,5,6 | 9650
6 | 10241 2,3 | 2083 | 1,35 5505 | 1.2,5,6 | 3647 | 2,3,4,56 | 9852
2,4 | 2272 1 1,3,6 | oo | 1,3,4,5 | 4142
2,5 | 2082 | 1,4,5 | 355, | 1,3,4,6 | 3875
2,6 | 1995 | 1,4,6 2460 1,3,5,6 | 3905
3,4 | 1807 | 1,5,6 | .., | 1,4,56 | 3645
3,5 | 2529 | 2,3,4 | | 2,345 | 3850
3,6 | 2045 | 2,3,5 2,3,4,6 | 4099
4,5 | 1683 | 2,3,6 | 2956 | 2,3.5,6 | 3067 Al
4,6 | 2115 | 2,4,5 | 2950 | 24,56 | 3318
5,6 | 1956 | 2,4,6 | 3661 | 34,56 | 3576
2,5 6 | 2618
3,4,5 | 2906
3,4,6 | 2769
3,5,6 | 3070
4,5,6 | 3135 » i
|
Exercise S

What is the optimal coalition
structure ?



Related Work

F Dynamic Programming techniques

IDP [Rahwan & Jennings N. R., An Improved Dynamic Programming
Algorithm for Coalition Structure Generation, AAMAS 2008].

Anytime with guarantees on solution quality

I P [Rahwan et al., An Anytime Algorithm for Optimal Coalition
Structure Generation, AAAI 2007, JAIR 2009].

Algorithm
g Ageritm| D IP

M o@d" v | oM K

Return solutions
anytime False 2 True \/

Time to return
optimal solution SIOW w Fast /




The Dynamic Programming (DP) Algorithm

The Dynamic Programming (DP) algorithm is based on
the following observation:

ifcs* = {Cq, Gy, C3, Cy, C5, Cg, C; } is an optimal CS

theni , , }isan optimal partition of: C,UCsUCg

DP performs a number of evaluations, and stores the results
in a table. In the next slide, we show an example of 4 agents



F({2)+F({1,3,4})=150 FO{3)+F({1,2,4})=145
f({41)+F({1,2,3)=145 (f({1,2})+f({3,4})=150)
£({1,3)+F({2,4})=145 f({1,41)+F({2,3})=145

size|coalition Evaluations performed before setting f Best split f

1 {1} v({1})=30 {1} 30

12} v({2})=40 {2} 40

{3} v({3})=25 {3} 25

{4} V({4})=45 {4} 45

2 | {1,23 V({1,21)=50 (F{1D+F({21)=70) {1} {2} 70

{1,3} (v({1,31)=60) F{1})+F({3})=55 {1,3} 60

{1,4} (v({1,4})=80) f({1})+F({4})=75 {1,4} 80

{2,3} v({2,31=55 (F({2})+f({3})=65) {2} {3} 65

{2,4} v({2,41)=70 (f({2})+f({4})=85) {2} {4} 85

{3,4} (v({3,4})=80) f({3})+F({4})=70 {3,4} \ 80

3 | £1,2,3} v({1,2,3})=90 F{1D+F({2,31)=95 {2} {1,3}\ 100
(f({Z})+f({1,3})=100) F{3)+f({1,2})=95

{1,2,43 | (v({1,2,4})=120) fF({1)+f({2,4})=115 {1,2,4} 120
fF(2H+F({1,4})=110  f({4})+F({1,2})=115

{1,3,4} | Vv({1,3,4})=100 (FHID+F{3,41=110) || {1} {3,4} || 110
f({3})+f({1,4})=105 f({4})+f({1,3})=105

{2,3,4} | V(2,3,4})=115 (F2D+F({3,4D=120) || {23} 3,4} || 120

fF({3N+F({2,4})=110 f({41)+f({2,3})=110 |
]
4 |11.2.3.43] V(H1,2,3,41=140 f{1})+f({2,3,4})=150 [EZ:ZE] 3.4 150




L, [ value L, value L, value L, value
{1} 50 {1, 2} 90 {1, 2, 3} | 125 {1,2,3,4} 160
{2} 30 {1, 3} 80 {1, 2, 4} | 120
{3} 45 | {1, 4} 65 {1, 3, 4} | 135
{4} 35 | {2, 3} 90 {2, 3, 4} | 115

{2, 4} 70

Exercise

Use Dynamic Programming
to find the optimal coalition
structure




size|coalition Evaluations performed before setting f Best Split f
1 {1} v({1})=50 {1} 50
{2} v({2})=30 {2} 30
{3} V({3})=45 {3} 45
{4} v({4})=35 {4} 35
2 | {1,2} (v({1,2H)=90) F{LID+F({21)=80 {1,2} 90
{1,3} v({1,30=80 (F{1H+F({31=95) {1} {3+ | 95
{1,4} v({1,4})=65 fF({1D+F({4D= 7 ? ?
{2,3} v({2,3})=90 F2D+F({3D)= 7 [4 ?
{2,4} v({2,4})=70 fF({2D+fF({4D)= 7 ? ?
{3,4} v({3,4})=60 FB3D+F({4)= 7 ? ?
3| {1,2,3} | v({1,2,3})=125 (F{1p+f({2,31)=140) | {1} {2,3} | 140
F{2H)+F({1,3})=125 F{31)+f({1,2})=135
{1,2,4} v({1,2,4})=120 F({1})+f({2,4})=120 {4} {1,2} | 125
F{2H)+F({1,4})=115 (f({41)+F({1,2})=125)
{1,3,4} v({1,3,4})=135 F{1D+F({3,4)= 7 ? ?
F{3D+F({1,4})= 7 fF({4)+f({1,3)= 7
(2.3.4} | V({2,3,4})=115 fF({2D+F({3,4)= 7 ? 2
F{3)+F({2,4)= 7 F({4)+f({2,3)=7
4 112,341 v({1,2,3,4})=160 f({1})+f({2,3,4})=175 . )

f({2H)+f({1,3,4})=160
f{4D+f({1,2,3})= 7
f({1,3D)+f({2,4})= 7

f({3H)+f({1,2,4})=170
fFHL,21)+f({3,4})= 7
f({1,4D+f({2,3})=7




size|coalition Evaluations performed before setting f Best Split f

1 {1} v({1})=50 {1} 50

{2} v({2})=30 {2} 30

{3} V({3})=45 {3} 45

{4} v({4})=35 {4} 35

2 | {1,2} (v({1,2H)=90) FHID+F({21)=80 {1,2} 90

{1,3} v({1,30=80 (F{1H+F{3D=95) {1} {3} | 95

{1,4} v({1,4})=65 (f({l})+f({4})=8§) {1} {4} 85

{2,3} (v({2,3D=90) f{2H+F({3})=75 {2,3} 90

{2,4} (v({2,41)=70) F{2D+F({4})=65 {2,4} 70

{3,4} v({3,41=60 (FU{31)+F({4})=80) {3} {43/ | 80

3 | {1,2,3} v({1,2,3})=125 (F({1})+f({2,3})=140 ) |{1} {2,3}| 140
f({2H+F({1,3})=125 fF({3+F({1,2})=135

{1,2,4} v({1,2,4})=120 F{1D+F({2,43)=120 {4} {1,2;\ 125
f(2D+F({1,4D=115 ({41 +F({1,2})=125)

11,3,41 | (v({1,3,41=135) f({11)+f({3,4}1)=130 {1,3,4} || 135
F({3+F({1,4})=130 ({41 +f({1,3})=130

(2.3,4} v({2,3,4})=115 F({2})+F({3,4})=110 4y 2,33 || 125
F{31)+f({2,4})=115 (F({4+f({2,3})=125)

4 |(1.2.3 43| V(HL,2,3,41)=160 FAID+F(2,3,4D=175 | s [T 3371 17

f({23)+f({1,3,4})=160

(F{4n+f({1,2,3D=175)

F({1,3)+f({2,4})=165

fF{3D+f({1,2,4})=170
f({1,2})+f({3,4})=170
f({1,4})+f({2,3})=175




The Coalition Structure Graph

Ea1},{a2},{a3},{a4}

—

optimal

Hiash{aya,) [2},{a4},{a1,a9 631},{34},{32,3@ {agh{ashiay ay)
4 4 / g
P T

{a1}{a2 as,a,} G 1,as1{as, a@ {ao}{aq,a3,a4}) {aq,a3h{ag,a4}| (as}iaq.as,a4} 1aq,a4}{ay,a3}) ({azh{aq,a9,a3 a)

—

{aq,a5,a3,a4}




The Improved Dynamic Programming
Algorithm (IDP)
E We define a subset of edges E*

E We prove that the edges in E* are sufficient to form
a path to every node in the graph

F We modify the original algorithm such that it only
evaluates the movements through the edges in E*



The Coalition Structure Graph

[{31 },{32},{33},{34}]

optimal

€a3},{a4},{a1,a23 €a1},{a3},{a2,a@ @2}’{34}’{31’3@ €a1},{a4},{a2,a33 Eaz},{a3},{a1,a4E
okl =<1

-
{\a1},{a2,a3,a@ @1,a2},{a3,a@ @2},{a1,a3,a@ {a1,a3},{az,a@ @3},{a1,a2,a@ @1,a4},{a2,a@ @4},{a1,a2,a@
({31,32,33,34})




size|Coalition Evaluations performed before setting f Best split f
1 11} v({1})=50 {1} 50
{2} v({2})=30 {2} 30
{3} v({3})=45 {3} 45
{4} v({4})=35 {4} 35
2 | {1,2} (v({1,21)=90) F{1D+F({2})=80 {1,2} 90
{1,3} v({1,31)=80 (F({1})+F({3})=95) {1} {3} 95
{1,4} v({1,41)=65 (F{1}D+F({4})=85) {1} {4} 85
{2,3} (v({2,3)=90) f{2}+F({3})=75 {2,3} 90
2,4} (v({2,41)=70) F({2})+F({4})=65 {2,4}\§ 70
{3,4} V({3,4D=60  f({31+F({4})=80 {31 {41 /\ | 80
31 11,2,3} v({1,2,3})=125 (f({1H+f({2,3})=140) 140~
fF({21)+F({1,33)=125 F({3})+f({1,2})=135 {1,2,3 125
{1,2,4} v({1,2,4})=120 F{1})+F({2,43)=120 125
f{2D+F({1,41=115 (F{4D+F({1,2})=125) {1,243 \| 120
{1,3,4} | (v({1,3,4})=135) F{11+F({3,43)=130 {1,3,4} 4 135
({3 +F({1,43)=130 F({4})+F({1,3})=130
{2,3,4} v({2,3,4})=115 F{21)+F({3,43)=110 /ﬁz}ZL§Z3%’
f({3+f({2,4=115 (f{4})+f({2,3})=125) 236y | 115
4 1{1,2,3,4}| v({1,2,3,4})=160 FHID+F({2,3,4})=175 [1{4}4}}12233]
f({2})+f({1,3,4})=160 F{3)+F({1,2,4})=170
(F({4D+f({1,2,31)=175) f({1,2D)+f({3,4})=170
f({1,3D+f({2,4D=165 (f({1,4})+F({2,3})=175)




Evaluation of IDP

10
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Num of evaluated splittings (log scale)

aVaVaVaVaVavVes

o
P—<

vvvvvv (e VaVaVaVaVaVa VoWl
A" ATA A" A A A A

5 10 . 15 5 10 15 20 25
Size Size

The total number of evaluations performed by IDP is only 38.7% of
those performed by the original dynamic programming (DP) algorithm



Question

How can we reduce the memory
requirements ?



size[Coalition Evaluations performed before setting f Best split f

1 v[{1}]=30 30

vV[{2}]1=40 } 40

V[{3}]=25 } 25

V[{4}]=45 {4 45

2 | VI{1,2}1=50  fL{1}]+F[{2}1=70 | 12} 70

v[{1,3}]=60 FL{1}1+F[{33}1=55 : 60

v[{1,4}]=80 FL{1}1+F[{4}]1=75 4 80

v[{2,3}]=55 FL{2}]1+F[{3}]1=65 2343} 65

v[i{2,4}]=70 fL{2}1+F[{4}1=85 85

v[{3,4}]=80 fL{3}1+f[{4}1=70 W 80

3 v[{1,2,3}1=90 FLEFI+FI{2,3}1=05 N 100
fL{2}]1+f[{1,3}]1=100 FL{3}1+F[{1,2}]1=95

v[{1,2,4}]=120 f[{1}]1+f[{2,4}]1=115 120
fL{2}]1+f[{1,4}]1=110 fL{4}1+F[{1,2}]1=115

v[{1,3,4}1=100 fL{13}]1+Ff[{3,4}]1=110 110
fL{3}]1+f[{1,4}]1=105 f[{4}]1+f[{1,3}]1=105

v[{2,3,4}]=115 fL{2}]+F[{3,4}1=120 120
fL{3}]1+f[{2,4}]1=110 f[{4}]1+f[{2,3}]1=110

4 vi{1,2,3,4}]1=140 fL{1}1+f[{2,3,4}1=150 150

f[{23}1+f[{1,3,4}]1=150
f[{4}1+f[{1,2,3}]=145
f[{1,3}]1+f[{2,4}]1=145

fL{3}1+f[{1,2,4}]=145
fI{1,2}]+f[{3,4}]=150

f[{1,4}]1+f[{2,3}]=145




Related Work

Dynamic Programming techniques

IDP [Rahwan & Jennings N. R., An Improved Dynamic Programming
Algorithm for Coalition Structure Generation, AAMAS 2008].



Basic Idea of IP

Upper bcund = 550
Sub-spz ce

Upper boypd = 450
Lower bound =200

Upper bcund =600
Sub-spice
Lower bcund =100

Lower Obund = 200




Basic Idea of IP
Upper[s[4] )

Sub-spz ce

(S 2 2])L w%a]m 6} o{aj Ozb}}

{{ag,a3}, {az,a4
aq,a

Upper bo S[l 1 2])<

{al} {32,33,34} 3} Cial
\ 6
(a2}, {a1,a3,a4)}bound = 100 g %{S{ 2}, (333}
) {{az}, {a1,a2,a4} L as}, Pazf} {ag,a0}}
20{{34}’ {a1’a2’a3} Lower bcund =100

Upper bglind = 350




How the Bounds are Computed

L, value L, value L, value L, value
1 125 {1, 2} 175 {1, 2, 3} 200 {1, 2, 3, 4} &425
2 50 {1, 3} 150 {1, 2, 4} 150 Max4 = 425
3 75 {1, 4} 100 {1, 3, 4} 300 Avg4 =425
4 15 {2, 3} 150 {2, 3, 4} 150
Max1{= >{2’ 4} 200 I\/Iax3
AVIICTOOD (3, 43 | ¥ 125 Avg3C Z00)
Max2 = 200
Avg2 =150 {{al}, {al, a2, a3} }

S {{al}, {al, a2, a4} }
[4] {{{a ay, 3, agl} | (a1} fal. a3 a4))
Avg=425 UB:42; b €2, 93,94 {{al} {a2, a3, ad}}

Sty 2 {{a1,a2}, {a3,a4}} ) ﬁag Eai ag, aiH
2,2 a2}, {al, a2, a
Qvg—SOO UB—4OD \ ta1ash, taz,a4}) g {{a2}, {al, a3, a4} }
L {{a1,24}, {a7,a3}} [1,3] < {{a2}, {a2, a3, a4}}
{{a3}, {al, a2, a3} }
( {{a1}, {22}, {as,a4h} | {{a3}, {aL, a2, a4} }
{{a1}, {as}, {ag,aa}} ﬁgg{ E:; :g Zjﬁ
Sr1,1,2] ) {{a1}, {aa}, {az,a3l} S[1,1,1,1]) o
/\vg=350 UB=500 {{az}, {as}, {21,241} Avg=400 UB=600 ﬁaﬁ’ Eai’ ag, aiH
d4r, 1al, aZ, a
{{az}, {as}, {az,a3}} r A N | {{a4}, {al, a3, a4} }
_{{az}, {aa}, {ag,ap)}  Uaih {22} {ash {aght | {{a4} (a2 a3, a4}}




EXEI‘CiSE: find the optimal solution using IP

Ly | Value | L, | Value | Lg | Value L,y value Ls value
1 20 1,2 40 1,2,3 65 1,2,3,4 85 1,2,3,4,5 165
2 15 1,3 30 1,2,4 55 1,2,3,5 140 Avg=165
3 25 1,4 20 1,2,5 70 1,2,4,5 90
4 30 1,5 45 1, 3,4 60 1, 3,4,5 75
5 10 2,3 40 1, 3,5 75 2,3,4,5 110
Avg=20 | 2,4 65 1,4,5 55 Avg=100

2,5 20 2,3,4 70

3,4 30 2,3,5 75

3,5 45 2,4,5 65

4,5 15 3,4,5 60

Avg=35 Avg=65

(4

[5]

vg=165 UB=16'SD

)

[1,4] [2,3]
Avg=120 UB=170 Avg=100 UB=14
( [1,1,3] ) [1,2,2]
Avg=105 UB=135 Avg=90 UB=160
[1,1,1,2] [1,1,1,1,1]
Avg=95 UB=155 Avg=100 UB=15

)




Scanning the input

value

Le

1,2,3,4,5,6| 217

value

Lg

3,4,56

1,
1,
1,
1,
1,
2,

value
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4,5, 6

3,

value

™

L3
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Ly |value| L, [value

AN M < O ©

L=1

11,51 J

(12,41 )

(13,31 )

L=2

5 21 )

I 1

.

(1o o o1 )

| —



Searched initially [ [8] ] \ Upper bound = 700
(contains one solution) Lower bound = 550 |

Searched while [ [4,4] ][ [3,5] ][ [2,6] ][ [1,7] ]
scanning the input

[2,3,3] [2,2,4] [1,3, [1,2,5] [1,1,6]
Avg=350 UB=400 Avg=450 UB=575 | { Avg=50q UB=700 Avg=390 UB=480) | Avg=460 UB=510
[2,2,2,2] [1,2,2,3] [1,1,3,3] 1,2,4] [1,1,1,5]

Avg=520 UB=600 Avg=450 UB=520 Avg=440 UB=480 Avg=550) UB=620 Avg=520 UB=540

[1,1,2,2,2] [1,1,1,2,3] [1,1,1,1,4]
Avg=380 UB=490 Avg=470 UB=525 Avg=420 UB=475
[1!l!l’1l2l2] [1!1!111’1’3]

Avg=500 UB=650 Avg=320 UB=400
(1,1,1,1,1,1,2]

Avg=360 UB=390

Searched initially [[1 1,1,1,1,1,1,1] ]
(contains one solution)




Searched initially
(contains one solution)

N\ | Upper bound =860
Lower bound =680 |

Searched while
scanning the input

[1,2 [1,1
Vg— 0 UB=480 Avg 60 UB=510

1Ly [1, 5]
[Avg—ﬁSZ(D [Avg A0 uB= 480) ( ;;: aEB 620] [ yéo/imo

2, 3] ¢ ,1,4]
Avg— 0 uUB=525 A —420 UB= 475

1,1, 74,1, 3]
Avg— UB=400
[1 1.7 ,1,1,2]

360 UB=390

Searched initially [[1 1,1,1,1,1,1,1] j
(contains one solution)




Why select sub-space with highest UB ?
UB* | ow

B Os*

L LAt T-————————————— -




Searching a Sub-space
Example: Search the following sub-space [[X, Y, z])

Direction of cycle

Coalitions Coalitions Coalitions
of size x of sizey of size z
A 4 ) 4
C2

C1 m/l

Cl[== }

Cl = I

Cl =

\_ —~/ k




NNMNONMNOMNOLOLNMNOMNOLLNOINSNNONCINMNNOINSSNO WMWK ST M

™
-

N~ O Noln N ofin|led N0 g ol
N Ginind|tlFmmmnm NN NN A Ao o

— — —
@) O @)

<

Example
{1, 2,3,4,5,6, 7}

A

91942 JO uonoalg

Subspace = [2, 2, 3]




Searching a Sub-space
Example: Search the following sub-space [[X, Y, z])

Applying Branch and Bound:

Example: If value of best solution found so far is 500, then if:

Coalitions Coalitions Coalitions | Max=200 |

of size X of size y of size z
AN A c2 :I] (C/S/WL_ then prune
/Valuezloo | and g0 back
| onecstep.

Direction of cycle




. 4 -
Al=A={a b,c,d.e,f g} Searching a subset

6, 7 A={ab,c,d,ef,g} G={2 2, 3}

5, 7

5, 6

4, 7))
4 6 l/
4, 5
A —
——— A2=A1/Cl={b, c d,e, b}
D 4, 5
O
& 3, 5
‘s 3, 4 \
E o (o /
.g ) C2={c,d}
& /MZ C2={b,g} A3=A2/C2={d, ¢, 8}
= r A N
e [
; C2={b,
1 3 {b,c} M3 [T, 2,3)
e




Time to completion (ms)

Evaluation

(Time to Terminate)

10 I 1 | I I | | | I I I

w |DP

«esee |P-NDCS g <— 2.5 days
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Upper Bounds of Different subspaces
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Worst case bound
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(Worst-Case Guarantees)
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[2,2,2,2]

The Integer-Partition Graph

([1,1,1,1,1,1,1,1] | Levelg

|
(01,1,1,1,1,1,2] ] Level,
(r1,1,1,1,2,21 ) ([1,1,1,1,1,3] | Levelg
[1,1,2,2,2] (1,1,1,2,31 ) ([1,1,1,1,4] | Levels

(11,2,2,31 ) ([1,1,3,31 ) ([1,1,2,4]1 ) ([1,1,1,51) Level,

([23,3] )

[ [2,2,4]

Level,

Level,



Coalition Structure Graph [{a1},{az},{a3},{a4}]

(a,}{aoh{3y.20) @a3},{a4},{a1,a@ @11},{33},{32,3@ @az},{a4},{a1,a@ @a1},{a4},{az,a@ @az},{ag},{a1,a@

i N

81 1182,83,84} @1’32},{33’5@ @2}’{31’33’6@ @1’33}’{32’3@ @3}’{31’32,3@ @1’34}’{323@ @4}’{31’32’5@
[{31’2’334}]

Integer Partition Graph [[1,1,1,1]] {{{31, a,, a3, 3y}) Level,

{{aq}, {a4}, {an,a3}},  {{as}, {as}, {aq,a4}

{{aq}, {ag,a3,a4}}
{{a,}, {ay,a3,a4}}
{{as}, {aq,ay,a4}}
{{as}, {aq,a5,a3}}

Level;

{{ag,a5}, {a3,a4}}
{ajagh fapat  Level
{{ag,a4}, {ay,a3}}

{ {{a1}, {ag}, {a3}h, {a4l} Level,

{{as}, {2y}, {az,aqlt . {faqh, {as} {ap,as}} }




IDP-IP
x

~—— Set the control parameter

[Fle) [V Bt




The Integer-Partition Graph

((2,1,1,1,1,1,1,11 1DP ) Levelg

(r1,1,1,1,1,1,21 ipp) Level,

/\

(1,1,1,1,2,2] IDP? ([.1,1,1,1,31 iop) Levelg
Levels

[1,1,2,2,2] IDP [1,1,1,2,31I0P)  (I1,1,1,1,411DP)

(t2,2,2,21 iop) (I1.2,2,3110P) (I2,1,3,37i0P) ([1,1,2,411DP) ([2,1,1,511DP) Level,

(2.3.310p) ([2,2,4110P) ([1,3,411DP) ([2,2,511DP) ([1,1,611DP)  Level,

</

. Level,
Level,
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The Integer-Partition Graph

(r1,1,1,1,1,1,1,11 ipp) Levelg
(r1,1,1,1,1,1,21 1pp ) Level,
((1,1,1,1,2,21 op)  ([2,1,1,1,1,3] IDP) Levelg

/WH] - »

(t1,1,2,2,2110p)  ([2,1,1,2,311DP)

N\ A

(12,2,2,21 1p) ([1,2,2,P) (t1,1,3,31 ipp) ([1,1,2,4110P) ([1,1,1,511DP) Level,
No edyge! \<
e

(2,3,31 1) Y(c2,2,41 1p) (13,3,41 1p) ([1,2,5110P) ([1,1,611DP)  Level,

No edget No ¢dge! Ne~£dge !
Level,

[8] IDP Level,



Exercise

(r1,1,1,1,1,1,1]

)

By setting m=2, which

subspaces are searched

(r1,1,1,1,1,2]

)

by IP, and in which

order ?

(11,1,1,2,2]

)

(r1,1,1,1,3]

)

[[1 1,2,

3] [1,1,1,4]

>ﬁ

[7]



Exercise

By setting m=2, which

subspaces are searched (11,1,1,1,1,2] )

by IP, and in which
order ?

(r1,1,1,1,1,1,11 |

)




Exercise

By setting m=2, which
subspaces are searched (T1,1,1,1,1,21 1op)
by IP, and in which
order ?

([1,1,1,1,1,1,11 IDP)

(r1,1,1,2,21 bp)ios ([1,1,1,1,31 IDP)

-

(r1.2,2,21 1p) (11,2, yﬂ IDP)
(11,3,3] (r1,2,4] (t1,1,51 IDP)

/

(3,41 bp)3s ([2,51 1DP)21 ( [1,6] IDP)




Exercise

By setting m=2, which
subspaces are searched (T1,1,1,1,1,21 1op)
by IP, and in which
order ?

([1,1,1,1,1,1,11 IDP)

(r1,1,1,2,21 bp)ios ([1,1,1,1,31 IDP)

—

(r1,2,2,21 1) ([1,1,2,31 1p) ((1,1,1,41 1DP)
‘ 105+ig§+21+1 _ 291 210+35 /
(11.3.31 1) (r1.2,41 1p) (t1,1,51 1DP)
70 _ 105+35
70 1 105 33

(3,41 bp)3s ([2,51 1DP)21 ( [1,6] IDP)




IP searches . ()
100(.
100% of %
the space
Worst-case
perfomance ®I'"Ip searches 0.01% | 1P searches
201 of the space! 10% of the
o 0 () space

12345Y789101112131415Vm

Time to return 2f 17.2 hours
initial solution |
IP takes™| 0.7 sec
() @
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8

v
; (j IDP's time

Time to return 107}
optimal solution | 30% of IP
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The number of pruned subspaces and coalition structures

Num of Num of Percentage Num of pruned Percentage
evaluated pruned of pruned solutions of pruned
m splittings subspaces subspace solutions
2 16777515 1268 64 .8% 3230863621973843192 69.7%
3 16784415 1478 75.5% 4189923777773485292 90.3%
4 16872965 1703 87.0% 4564993844653940392 98.4%
5 17669915 1776 90.7% 4619890309966821892 99.6%
6 23160015 1843 94.1% 4635658723330786692 99.9%
7 53444115 1874 95.7% 4637889492635473692 >99.9%
8 190804140 1900 97.0% 4638465143123614992 >99.9%
9 711762765 1915 97.8% 4638563634445793142 >99.9%
10 2382099125 1927 98.4% 4638581351908188038 >99.9%
11 6942019325 1935 98.8% 4638588823705171238 >99.9%
12 17587033425 1942 99.1% 4638590208602264538 >99.9%
13 38882261925 1948 99.5% 4638590229863691088 >99.9%
14 74924798325 1953 99.7% 4638590265094980688 >99.9%
15 122135499005 1956 99.9% 4638590307397638228 >99.9%
16 158653677130 1958 100% 4638590332229999353 100%

B By evaluating 17669915 splittings (which takes 0.2 seconds on our PC),
IDP prunes 4.6 x 1018 coalition structures (i.e. 99.6% of the space).

B Increasing M from 14 to 15 causes IDP to evaluate an additional 4.7 x 1010
splittings (which takes 2.3 hours) only to prune 0.0000009% of the space!



Coalition Structure Generation in Multi-Agent
Systems with Positive and Negative Externalities



CSG in Characteristic Function Games

Given 3 agents: the set of agents is:

{aq,a,a3}

The possible coalitions are: INPUT
a value for every coalition

{CaB} {ap} {a3} {apaz} {agas} {azas} {aj,azas}

The possible coalition structures: . QUIRUT
an optimal coalition structure

61},{az},{a3}} {{ag,az}{a3}} {{az}{a1,a3l} {{8{61233}} {{ag,az,a3}}

Assumption: The value of a coalition structure i1s the sum of the
values of the coalitions within that structure




Given 3 agents: the set of agents is:

{aq,a,a3}

The possible coalitions are: INPUT
a value for every coalition

a1} {az} {a3} {ayaz} 1{anasp {apasz} {apaas)

X

The possible coalition structures:

OUTPUT
an optimal coalition structure

{{a1h{az}{a3z}l} {{a1,ax}{as}t {{az}{ai,a3l} {{aCS{az,ag}} {{a1,az,a3}}

Assumption: The value of a coalition structure i1s the sum of the
values of the coalitions within that structure




The merging of two coalitions may affect the values of
other coalitions in the structure!

Michalak et. al. [ECAI-2008] focused on the following classes:

I EEE - S S S S O . O O Ol S S S il il S S S S S S S S S S . .. 1

1 CS' = |CS externality -

' | _ 2" | S

CS s '
A

Super. v values, Su = ues,
GanTtes with exte{na ] re known as Part z%n Function mes
negative externalities positive externalities



Computing Upper & Lower Bounds

We need to compute upper and lower bounds on the value
of any combination of disjoint coalitions

Example: @ @

The maximum possible value of this combination
is 500, and the minimum possible value is 100

Theorem : Consider a PF = (PF ™) setting. Given a coali-
tion C C A, a partition P € P, and a coalition structure

CS D P, the following holds, where C = {ay, ..., a@}:
V(P {{a1}, ... {ajg }}UP) < (2) V(P,CS) < (2) V(P,{C}UP})




Establishing Worst-Case Guarantees

B We need to identify the minimum set of coalition
structures that must be searched in order to establish a
worst-case guarantee

B We need to develop a novel algorithm for improving the
worst-case bound with further search

the best coalition structure in this

set is within a bound M
from the optimal
coalition structure >>




Main Theorem

B X isasetof elements
B is a set of subsets of X

Every x; € X may have different values in different subsets

E Let Y beasubsetof Y such that every element in X appears
|
with its maximum value in Y

then the value of the best subset in YI is within a bound IM from
the optimal, where I is the size of the biggest subset in

The bound equals

the size of the Y
biggest subset @




In the next few slides, we will be using the following

graphical representation: (1- i,

({alr a2}
{a11a3}
{a1,a4}

(21 faran
{az,a4}
123,24}

({{a1}, {a2}}
{{as}, {as}}
{{a1}, {aal}
{{az}, {as}}
{{az}, {aa}}

{{as}, {aal}

Set of coalition structures

(2,1,1)<

({{a,az},
{{a1a3},
{{a1,aa},
{{az,az},
{{az,aa},

\{ {83,34},

K, - ) integers represent
\.) sizes

coalition

{a3}, {ag}}
{az}, {ag}}
{az}, {asz}}
{a1}, {ag}}
{a1}, {asz}}
{a1}, {az}}

Set of coalitions



Establishing the Worst-Case Bound

>

(52:43) (e516D)
(Baaih)

D
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Evaluation

Partition function games with
positive/negative externalities

Characteristic function games
(assume no externalities)




This figure shows, on a log scale, how the worst-case bound
drops (i.e. improves) as we search more coalition structures

I | | I 1

12~ =

1} § Sandholm et al. - I

10k : Dang & Jennings —_— |
Our algorithm PF~  sssses

9= —— il
: Our algorithm PF+

8- = = e w— d|

Worst-case bound

108 101° 1012 104 106 10*

Number of search coalition structures (log scale)

e.g. to reach a bound of 3, we take 0.00002% compared to
Sandholm et al., and 0.5% compared to Dang and Jennings
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